Abstract. It will be shown that every N-graded Lie algebra generated in degree 1 of type FP with entropy less or equal to 1 must be finite-dimensional (cf. Thm. A). As a consequence every Koszul Lie algebra with entropy less or equal to 1 must be abelian (cf. Cor. C). These results are obtained from a generalized Witt formula (cf. Thm. D) for N-graded Lie algebras of type FP and the analysis of necklace polynomials at roots of unity.
Introduction
Several deep results in group theory relate certain growth phenomena to the structure theory of a group, e.g., M. Gromov's celebrated theorem states that a finitely generated group has polynomial word growth if, and only if, it is virtually nilpotent (cf. [7] ); while A. Lubotzky and A. Mann showed that a finitely generated pro-p group has polynomial subgroup growth if, and only if, it is p-adic analytic (cf. [14] ). In a second paper together with D. Segal they achieved the beautiful result that a finitely generated residually finite (discrete) group has polynomial subgroup growth if, and only if, it is virtually soluble of finite rank (cf. [15] ).
The main purpose of this paper is to establish an analogue of the just mentioned results in the context of N-graded F-Lie algebras which are generated in degree 1 and which are of finite type. Following [20] for such a Lie algebra L = k≥1 L k one calls the number
the entropy of L. Moreover, a Lie algebra L is called to be of type FP ∞ , if the trivial left L-module F has a projective resolution (P • , ∂ • , ε), where P k is a finitely generated projective left U(L)-module for all k. Here U(L) denotes the universal enveloping algebra of L. The Lie algebra L is said to be of finite cohomological dimension cd(L) < ∞, if F has a projective resolution (P • , ∂ • , ε) of finite length, i.e., there exists a positive integer n such that P k = 0 for all k ≥ n. If L is of type FP ∞ and of finite cohomological dimension, L is called to be of type FP (cf.
[2, Chap. VIII.6]). The main result of this paper can be formulated as follows (cf.
Thm. 3.7).
Theorem A. Let L be an N-graded Lie algebra generated in degree 1 and of type FP satisfying h(L) ≤ 1. Then L is finite-dimensional and nilpotent, i.e., h(L) = 0.
There are many examples of N-graded Lie algebras of finite type which are generated in degree 1 and whose entropy is equal to 1, e.g., if L is infinite dimensional and filiform (cf. [17] ) one has dim(L k ) = 1 for k ≥ 2 and therefore h(L) = 1. The Theorem D. Let L be an N-graded Lie algebra of type FP, and let λ 1 , . . . , λ n ∈ C be the eigenvalues of L. Then
where µ : N → Z is the Möbius function and M k (y) = 1 k j|k µ(k/j) · y j ∈ Q[y] denotes the necklace polynomial of degree k.
Theorem A can be deduced from Theorem D and an analysis of necklace polynomials at roots of unity (cf. §3.3). For an infinite dimensional N-graded Lie algebra L of type FP which is generated in degree 1 its entropy h(L) is the positive real root of the characteristic polynomial χ L (y) of maximal absolute value (cf. Prop. 2.6, Cor. 3.3). Some general results on the eigenvalues of χ L (y) can be obtained (cf. Remark 2.8, Fact 2.11), but several questions will remain unanswered (cf. Question 1 and 2). Since it seems that the Koszul property has been investigated only scarsely in the context of Lie algebras, we close this paper with a discussion of three classes of examples illustrating the diversity of this class of Lie algebras.
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Graded connected algebras of finite type
Throughout the paper F will denote a field. By N 0 (resp. N) we denote the set of non-negative (resp. positive) integers, i.e., N 0 = N ∪ {0}. An N 0 -graded F-vector space V = k≥0 V k is said to be of finite type, if dim(V k ) < ∞ for all k ≥ 0. For such a graded F-vector space its Hilbert series is defined by
e.g., V is finite-dimensional if, and only if, h V (y) is a polynomial.
2.1.
Graded connected algebras of finite type. An N 0 -graded F-algebra A = k≥0 A k is an associative F-algebra and an N 0 -graded F-vector space satisfying A m · A n ⊆ A m+n for all m, n ≥ 0. From now we will omit the appearance of the field F in the notation.
An N 0 -graded algebra A is called to be connected, if A 0 = F · 1, i.e., in this case one has a unique augmentation ε : A → F which is a homomorphism of N 0 -graded algebras. By A + = k≥1 A k = ker(ε) we denote its augmentation ideal, and F will denote the N 0 -graded left A-module whose representation is equal to ε.
For an N 0 -graded, connected algebra A of finite type let A mod ft denote the abelian category of N 0 -graded left A-modules of finite type. In particular, if 0 → M → N → Q → 0 is a short exact sequence in A mod ft , one has 
The just mentioned procedure can be used to build up a projective resolution (P • , ∂ • , ε) of F, i.e., one may define
The mappings ∂ s : P s → ker(∂ s−1 ), s ≥ 1, coincide withσ s , where σ s : ker(∂ s−1 ) A → ker(∂ s−1 ) is a section in the category of N 0 -graded vector spaces. For an N 0 -graded, connected algebra A its cohomology algebra Ext
•,•
A (F, F) is naturally bigraded. The first degree in the notation will correspond to the homological degree, while the second will refer to the internal degree. The construction of the projective resolution (P • , ∂ • , ε) has shown the following. Proposition 2.1. Let A be an N 0 -graded, connected algebra of finite type.
(a) Ext
One can collect the information provided by Proposition 2.1 in the power series
The power series χ A (y) ∈ Z[[y]] will be called the characteristic power series of the N 0 -graded, connected F-algebra A. Obviously,χ A (x, y) contains the complete information on the dimensions of the bi-graded cohomology algebra Ext
A (F, F). The information contained in χ A (y) is somehow weaker, but its importance is reflected in the following property. Proposition 2.2. Let A be an N 0 -graded, connected F-algebra. Then one has
Proof. The acyclicity of the chain complex (P • , ∂ • ) and Proposition 2.1 imply that
This yields the claim.
2.2. Cohomological finiteness conditions. Let A be an N 0 -graded, connected algebra. The cohomological dimension cd(A) of A is defined by 
is a connected N 0 -graded algebra with the grading induced by the grading of V . Moreover, one has a projective resolution In particular, every finitely generated N 0 -graded, connected algebra is of finite type.
is a minimal partial projective resolution, and from the minimality one concludes that Tor
Thus A is finitely generated if, and only if, A is of type FP 1 .
(c) By construction, one has a commutative diagram
commute. This homomorphism has the following property.
Proof. Let y be an element in r(τ • ), and let z be its canonical image in A ⊗ A
By the commutativity of (2.11), ∂ 1 (w) ∈ ker(τ • ), and it is easy to verify that ρ(∂ 1 (w)) = y.
From Proposition 2.5 one concludes that one has isomorphisms (2.12) Tor
. Hence A is type FP 2 if, and only if, A is finitely presented. Note that one has an isomorphism Ext
A , where * = Hom F ( , F).
χ-finite
algebras. An N 0 -graded, connected algebra A will be called to be χ-finite, if it is of finite type and χ A (y) is a polynomial. By Fact 2.3, the class of χ-finite algebras contains the class of N 0 -graded, connected algebras which are of finite type and of type FP. Moreover, by Proposition 2.2, this class coincides with the class considered in [20, §2] of N 0 -graded, connected algebras of finite type with a linear recurrence relation. Let A be a χ-finite algebra. The integer deg(A) = deg(χ A (y)) will be called the degree of A. Let K A = Q(χ A ) denote the splitting field of χ A (y) over Q, and let ι : K A → C be a fixed complex embedding of K A in the field of complex numbers. For simplicity we may assume that ι is given by inclusion. The numbers
will be called the eigenvalues of A, and the leading coefficient of χ A (y) times (−1) n will be called the conductor c A of A, i.e., one has c A = λ 1 · · · λ n . For A = F put (2.14)
Obviously, λ max ≥ 1, and one has the following property.
Proposition 2.6. Let A, A = F, be a χ-finite algebra. Then h(A) = λ max , and λ max is an eigenvalue of A. Moreover, one has 1 ≤ h(A) < ∞.
Proof. Let h = h A (y) denote the Hilbert series of A, and let χ = χ A (y) denote the characteristic polynomial of A. Since χ is a polynomial of degree n = deg(A) ≥ 1, χ can be interpreted as a holomorphic function χ : C → C. Thus, by (2.4), h = h A defines a meromorphic function h : C →C. In particular, since λ
n ∈ C are the roots of χ, they are also the poles of h. Hence, if λ j is an eigenvalue of A of maximal absolute value, λ −1 j is a pole of h closest to 0. This implies that λ −1 max = |λ −1 j | = ρ coincides with the convergence radius of the power series h, i.e.,
. Since all coefficients of the power series h are non-negative, one has
for all z ∈ C with |z| < ρ. Hence ρ = |λ −1 j | is a pole of h and thus must coincide with one of the elements λ
n , i.e., there exists i ∈ {1, . . . , n} such that
Proposition 2.7. Let A, A = F, be a χ-finite algebra satisfying h(A) = 1. Then all eigenvalues λ 1 , . . . , λ n , n = deg(A), are roots of unity.
Proof. 
where K × A denotes the multiplicative group of the field K A . By construction, f (y) = y n χ A (1/y) ∈ Z[y] and f (λ j ) = 0 for all j ∈ {1, . . . , n}. Hence λ j ∈ O, where O denotes the integral closure of Z in K A . As λ 1 · · · λ n = c A and λ max = 1, one has |c A | ≤ 1. Since c A is a non-trivial integer, this implies that c A ∈ {±1}, and therefore, |λ j | = 1 for all j ∈ {1, . . . , n}. Moreover, as λ 1 · · · λ n ∈ {±1}, one has that λ j ∈ O × , where O × denotes the group of units in the ring O. Since K A /Q is a Galois extension, for any k ∈ {1, . . . , r} there exists Remark 2.8. Let A be an N 0 -graded, connected algebra of finite type which is of type FP ∞ . Then there is also another type of power series one studies in this context, i.e., the power series
is called the 
2.4.
Graded algebras generated in degree 1. Let V be a graded vector space concentrated in degree 1, i.e., V s = 0 for s = 1. The N 0 -graded algebra T(V ) has the property that for every N 0 -graded algebra A and for every homomorphism of vector spaces φ : V → A 1 there exists a unique homomorphism of N 0 -graded algebras φ • : T(V ) → A such that φ 1 = φ. The N 0 -graded algebra A is said to be generated in degree 1, if id • : T(A 1 ) → A is surjective. In particular, such an N 0 -graded algebra must be connected, and multiplication induces a surjective map
One has the following properties.
Fact 2.9. Let A be an N 0 -graded, connected algebra.
(a) A is generated in degree 1 if, and only if, Ext
Suppose A is generated in degree 1. Then A is finitely generated if, and only if, it is of finite type. (c) If A is finitely generated and generated in degree 1, then lim k→∞
Proof. 2.5. Quadratic algebras. Let A be an N 0 -graded algebra which is generated in degree 1. Then A is said to be quadratic, if
where
. From Remark 2.4(c) one concludes the following.
Fact 2.10. Let A be an N 0 -graded, connected algebra which is generated in degree 1. Then A is quadratic if, and only if, Ext
2,t
A (F, F) = 0 for all t ≥ 3. Let A be a quadratic algebra of finite type, and put 
. An F-Koszul algebra is of finite cohomological dimension if, and only if, A is χ-finite. In this case one has deg(A) = cd(A). If A is an F-Koszul algebra of finite cohomological dimension d = deg(A), then
for positive integers b j ≥ 1. Hence by R. Descartes' rule of signs one concludes the following:
Fact 2.11. Let A be an Koszul algebra of finite cohomological dimension. Then every real eigenvalue of A must be positive. In particular, −1 is not an eigenvalue of A.
There exist Koszul algebras of finite cohomological dimension with non-real eigenvalues (cf. Ex. 4.1(d) ). Nevertheless, the author could not find any example settling the following question.
By definition, every quadratic F-algebra A of finite type satisfying cd(A) ≤ 2 is Koszul. Such an algebra has two eigenvalues. By Proposition 2.6, one of it is a positive real number. Hence the other is real as well, and, by Fact 2.11, it is also positive. From this fact one concludes the following.
Corollary 2.12. Let A be a Koszul algebra of finite cohomological dimension less or equal to 2. Then the eigenvalues are positive real numbers, and
Hence Koszul algebra of cohomological dimension less or equal to 2 satisfies the Golod-Shafarevich inequality (cf. [26, §I, App. 2]) in the opposite direction. Corollary 2.12 applied to right-angled Artin algebras (cf. §4.2.2) yields an alternative proof of W. Mantel's theorem on the number of edges in a triangle free graph (cf. [16] ). This result is a special case of a more general result due to P. Turán (cf. [28] ). The natural question is whether there exists an analogue of Turán's theorem also in the context of Koszul algebras. Question 2. Let A be a Koszul algebra of cohomological dimension d. Is it true that
3. Graded Lie algebras of finite type
Then its universal eneveloping algebra U(L) is an N 0 -graded, connected algebra. Moreover, L is of finite type if, and only if, U(L) is of finite type. We will say that L has one of the properties X discussed in previous section, if U(L) has the property X, e.g., L is said to be generated in degree 1, if [L, L] = k≥2 L k , and L is said to be quadratic (resp. Koszul), if U(L) is quadratic (resp. Koszul). Hence, if L is generated in degree 1, one has
In particular, if L is of finite type, generated in degree 1 and
, we will call L to be χ-finite, and will say that the eigenvalues λ 1 , . . . , λ n , n = deg(U(L)), of U(L) are also the eigenvalues of L. In this case we also put deg(L) = deg(U(L)). By Fact 2.3(c), if L is of type FP, then it is also χ-finite. For an N-graded Lie algebra of finite type, we put χ
3.1. The entropy of a graded Lie algebra. Let L be an N-graded Lie algebra of finite type. The
In [1, Lemma 1], A.E. Bereznyȋ stated the following lemma.
Lemma 3.1 (A.E. Bereznyȋ). Let L be an N-graded Lie algebra of finite type such
As A.E. Bereznyȋ gives a hint, but no complete proof of the lemma stated above, for the convenience of the reader we provide a short proof based on the argument given in [9, Proof of Thm. 1]. The proof will make use of the following property. Proposition 3.2. Let (a j ) j≥1 be a sequence of positive integers, and let
Proof. It suffices to show that lim sup k→∞
Hence lim sup k→∞ k √ s k ≤ λ + ε, and this yields the claim.
Proof of Lemma 3.1. Let h L (y) = k≥1 ℓ k · y k denote the Hilbert series of L, and let h A (y) denote the Hilbert series of A = U(L). Let k≥1 b k · y k = log(h A (y)) be the formal power series obtained by substituting u = 1 − h A (y) in the formal power series log(1 − u) = − j≥1 u j j . Then, as exp(y) = j≥0 y j /j! has convergence radius equal to ∞, the formal power series log(h A (y)) and h A (y) have the same convergence radius, i.e., one has h(A) = lim sup k→∞
Moreover, by the unconditional Robin inequality (cf. [24] ), one has lim sup k→∞ Applying Lemma 3.1 to N-graded Lie algebras of finite type which are generated in degree 1 one obtains the following. Corollary 3.3. Let L = 0 be a finitely generated Lie algebra which is generated in degree 1.
(
In [20] , the authors implicitly assume that every graded Lie algebra L under consideration is infinite dimensional. This is the reason why case (a) of Corollary 3.3 does never occur in their paper.
A generalized Witt formula. The necklace polynomial
2 of degree k, k ≥ 1, is the polynomial given by
where µ : N → Z denotes the Möbius function. E.g., one has (3.5)
In [30] , E. Witt showed that the dimension of the k th -homogeneous component of a Lie algebra L generated freely by r-elements is given by M k (r). This result can be generalized in the following way.
Theorem 3.4. Let L be a χ-finite N-graded Lie algebra, let n = deg(L), and let λ 1 , . . . , λ n denote the eigenvalues of L. Then
By the Poincaré-Birkhoff-Witt theorem, (2.4) and the definition of the eigenvalues of L, one has
Applying − log( ) on both sides and using the identity − log(1 − u) = j≥1
where p m (λ 1 , . . . , λ n ) = 1≤i≤n λ m i . Comparing coefficients of y m on both sides yields
Hence, by the Möbius inversion formula, one obtains (3.10)
Remark 3.5. (a) For the Lie algebra L = L X , |X| = r, generated freely by r elements, one has χ L (y) = 1 − r · y, i.e., deg(L) = 1 and r is the eigenvalue. Hence (3.10) coincides with Witt's formula in this case. There exists a generalization of Witt's formula in the case when X is a graded set (cf. [8] ).
2 The number of necklaces of length k made from r-colured beads was first studied by Col. C.P.N. Moreau in 1872 (cf. [18] ). The integer M k (r) equals the number of aperiodic necklaces of length k made from r-coloured beads.
, deg(L) = 2 and r and s are the eigenvalues. For this Lie algebra there exists also an explicit formula for the multi-graded homogeneous components (cf. [4] ).
(c) Let L be a finite-dimensional N-graded Lie algebra. Put m k = j∈N dim(L kj ) for k ≥ 1. By Proposition 2.2 and (3.7), one has
where Φ k (y) denotes the k th -cyclotomic polynomial of degree ϕ(k), and ϕ : N → Z denotes Euler's ϕ-function, i.e., all eigenvalues of L are roots of unity. From (3.7) one concludes that
(d) Let L be a filiform Lie algebra. Then
where φ(y) is Euler's function. This Lie algebra is an example where h(L) = 1 holds, but the formal power series χ L (y) cannot be continued meromorphically to the whole complex plane.
3.3.
Necklace polynomials at roots of unity. For a positive integer m let Ξ m ⊆ C * denote the set of primitive m th -roots of unity in the field of complex numbers. The aim of this subsection is to compute the values of the functions
for m ∈ N. For a positive integer k ∈ N we define a function δ k : N → C by
Obviously, δ k (1) = 1 for all k ≥ 1. If m 1 and m 2 are positive coprime integers, then m 1 m 2 divides k if, and only if, m 1 divides k and m 2 divides k. Hence δ k is a multiplicative arithmetic function. Moreover, δ 1 coincides with the unit under convolution " * ". The following proposition gives a complete description of the function P k , k ≥ 1.
Proposition 3.6. Let k be a positive integer.
(a) P k is a multiplicative arithmetic function. 
denotes the p th -cyclotomic polynomial. Hence P 1 (p) = −1. Moreover, for α ≥ 2 and p prime, the (p α )
Hence P 1 (p α ) = ξ∈Ξ p α ξ = 0, and P 1 coincides with µ on all prime powers.
(c) Let k ≥ 2, and let p α be a prime power. We proceed by a case-by-case analysis.
On the other hand, for gcd(k, p α ) = 1 one has
In this case one has ξ k = 1 for all ξ ∈ Ξ p α , and thus P k (p α ) = ϕ(p α ). On the other hand,
Case 3: 
and hence the claim.
3.4. Graded Lie algebras with h(U(L)) = 1. The main purpose of this subsection is to prove the following theorem and to discuss its consequences.
Theorem 3.7. Let L be an N-graded Lie algebra of finite type such that
Then L is finite-dimensional and h(L) = 0.
Proof. By hypothesis (ii), U(L) is χ-finite. Let n = deg(L), and let λ 1 , . . . , λ n denote the eigenvalues of L. Then, by hypothesis (iii) and Proposition 2.7, λ i is a root of unity. Let m i = ord(λ i ) denote its order in the multiplicative group
× denote the set of primitive m th -roots of unity of C. Since the absolute Galois group G Q of Q acts on the set Λ = { λ i | 1 ≤ i ≤ n }, one has Ξ mi ⊆ Λ for all i ∈ {1, . . . , n}, and
(cf. (3.14) ). For k = 1+ m∈M(L) m, one has that gcd(k, m) = 1 for all m ∈ M(L). By Proposition 3.6(e), C k (m) = 0 for all m ∈ M(L), and thus dim(L k ) = 0. As L is 1-generated, this shows that L is finite-dimensional (cf. (3.1) ).
From A.E. Bereznyȋ's lemma (cf. Lemma 3.1) one concludes the following:
Corollary 3.8. Let L be a finitely generated N-graded Lie algebra generated in degree 1 satisfying h(L) = 1. Then L is not of type FP.
An alternative reformulation of Corollary 3.8 is the following.
Corollary 3.9. Let L be a finitely generated N-graded Lie algebra generated in degree 1 of type FP. Then either L is finite-dimensional and h(L) = 0, or h(L) > 1.
Koszul Lie algebras
Let L be a Koszul Lie algebra. Then, by definition, U(L) is N 0 -graded, quadratic and of finite type. Moreover, for the cohomology algebra one has an isomorphism
is a quadratic algebra, inflation 
such that x ∧ y = 0. Thus ker(ι ℓ ) = 0 implies that ι • is injective, and hence an isomorphism. Therefore, (ι
is an isomorphism, and this yields the claim. 
where Φ k (y) is the k th -cyclotomic polynomial, and m k = j≥1 dim(L jk ) (cf. Remark 3.5(c)). By Fact 2.11, m 2 = 0. Hence L 2 = 0, and L is abelian.
Examples of Koszul Lie algebras.
4.2.1. Quadratic 1-relator Lie algebras. Let X be a finite set of cardinality m ≥ 2, and let L X denote the free F-Lie algebra over the set X. Then L X is N-graded, of finite type and generated in degree 1. Let r ∈ L 2 X \ {0} be a non-trivial homogeneous element of degree 2. Then putting
where r Lie denotes the Lie ideal generated by r, one has an isomorphism
where r alg denotes the ideal in the associative algebra U(L X ) generated by r.
In particular, L X | r is quadratic and of finite type. By J. Labute's theorem (cf.
and
4.2.2.
Right-angled Artin Lie algebras. Let Γ = (X, E) be a finite loop-free graph with unoriented edges, i.e., |X| < ∞ and E ⊆ P 2 (X), where P 2 (X) is the set of subsets of X of cardinality 2. Then
will be called the right-angled Artin Lie algebra associated with Γ. Moreover,
where F X denotes the free associative algebra over the set X. Thus L Γ is quadratic and of finite type, and, by R. Fröberg's theorem (cf. [5] ), L Γ is Koszul. For a graph Γ • = (X • , E • ) let the exterior algebra associated with Γ • be given by
where Λ X • denotes the free exterior algebra over the set X • . Then, by (2.21),
where Γ op = (X, P 2 (X) \ E) for Γ = (X, E). In particular,
where c k (Γ) denotes the number of k-cliques (= complete subgraphs with k vertices) in the graph Γ, and n = cd(L Γ ) coincides with the clique number of Γ, i.e., χ L Γ (−y) coincides with the clique polynomial of Γ which is equal to the independence polynomial of Γ op . Therefore, Cl Γ (y) will be called the alternating clique polynomial of Γ. Thus applying Corollary 2.12 for a triangle-free graph Γ, one obtains Mantel's theorem. Moreover, P. Turán's theorem (cf. [28] ) shows that Question 2 has an affirmative answer for right-angled Artin algebras A Γ (cf. (4.10) ). In particular, not all eigenvalues of L Γ are real.
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Remark 4.3. It was shown in [3] that if Γ op is claw-free, then all eigenvalues of Cl Γ (y) are real (and positive). Nevertheless, characterizing the finite graphs Γ for which all eigenvalues of Cl Γ (y) are real seem to be an extremely difficult problem.
Let G Γ = X | xyx −1 y −1 , {x, y} ∈ E denote the right-angled Artin group associated with Γ, and let gr • (G Γ ) denote the graded Z-Lie algebra associated with the lower central series of G Γ , i.e., gr k (G Γ ) = γ k (G Γ )/γ k+1 (G Γ ), where γ 1 (G Γ ) = G Γ and γ k+1 (G Γ ) = [G Γ , γ k (G Γ )] for k ≥ 1. Then gr k (G Γ ) is a torsion-free abelian group, and L Γ ≃ F ⊗ Z gr • (G Γ ) (cf. [29] ). In particular, (4.15) rk
where n is the clique number of Γ and λ 1 , . . . , λ n ∈ C are the eigenvalues of the alternating clique polynomial, i.e., Cl Γ (y) = 1≤j≤n (1 − λ j y).
4.2.3.
Holonomy Lie algebras of supersolvable hyperplane arrangements. Let X be a connected topological space having the homotopy type of a finite cell complex, and let (4.16) α 2 : H 2 (X, F) → Λ 1 (H 1 (X, F)) denote the mapping induced by the co-multiplication in H • (X, F). Then
where L[H 1 (X, F)] is the free Lie algebra over the vector space H 1 (X, F) and im(α 2 ) is identified with the corresponding subspace in L 2 [H 1 (X, F)], is called the holonomy Lie algebra associated with X. By definition, L X is of finite type and quadratic. In case that { H i | 1 ≤ i ≤ s } is a finite set of hyperplanes in the complex vector space C r and X = C r \ 1≤i≤s H i , T. Kohno has shown in [10] that L X C and C ⊗ Z gr • (π 1 (X, x 0 )) are canonically isomorphic. He also gave a presentation of the quadratic algebra L X C . If { H i | 1 ≤ i ≤ s }, H i ⊆ C n+1 are the hyperplanes associated with the rootsystem of type A n , he showed in [11] that L X C is a Koszul Lie algebra of cohomological dimension n with eigenvalues 1,. . . ,n. In [27] , B. Shelton and S. Yuzvinski extended his result to all supersoluble hyperplane arrangements.
